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Statistical properties of energy levels and eigenfunctions in a ballistic system with diffusive
surface scattering are investigated. The two-level correlation function, the level number variance,
the correlation function of wavefunction intensities, and the inverse participation ratio are calculated.
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The statistical properties of spectra of disordered dif-
fusive systems are now well understood. Using the su-
persymmetric σ-model approach it has been possible to
demonstrate the relevance of the random matrix theory
(RMT) and to calculate deviations from its predictions
both for the level [1–3] and eigenfunction [4–6] statistics.
Generalization of these results to the case of a chaotic bal-
listic system (i.e. quantum billiard) has become a topic of
great research interest. For ballistic disordered systems
the σ-model has been proposed [7], with the Liouville op-
erator replacing the diffusion operator in the action. It
has also been conjectured that the same σ-model in the
limit of vanishing disorder adequately describes statisti-
cal properties of spectra of individual classically chaotic
system. This conjecture was further developed in [8,9]
where the σ-model was obtained by means of energy av-
eraging, the Liouville operator replaced by its regulariza-
tion — the Perron-Frobenius operator and some neces-
sary conditions for validity of this description were put
forward.
However, straightforward application of the results of
Refs. [2–4,6] to the case of an individual chaotic system
is complicated by the fact that the eigenvalues of the
Perron-Frobenius operator are unknown, while its eigen-
functions are extremely singular. For this reason the σ-
model approach has so far failed to provide explicit re-
sults for any particular ballistic system.
To overcome this difficulty, we consider a model of a
billiard with surface disorder leading to diffusive scat-
tering of a particle in each collision with the boundary.
This models behavior of a quantum particle in a box
with a rough boundary which is irregular on the scale
of the wave length. Since the particle loses memory of
its direction of motion after a single collision, this model
describes a limit of an “extremely chaotic” ballistic sys-
tem, with the typical relaxation time being of order of the
flight time. (This should be contrasted with the case of a
relatively slight distortion of an integrable billiard [10].)
One might naively think that all results for such a model
could be obtained by setting l ≈ L in a system with bulk
disorder. In fact, the level statistics in a system with bulk
disorder and arbitrary relation between mean free path l
and system size L were studied in [11]. We will see, how-
ever, that our results are qualitatively different in some
respects, which shows that systems with bulk and sur-
face disorder are not equivalent. On the other hand, our
findings are in agreement with general expectations for
chaotic billiards based on a semiclassical (trace formula)
treatment [12].
To simplify the calculations, we consider a circular bil-
liard. A similar problem was studied numerically in Ref.
[13] for a square geometry. We consider only the case of
unitary symmetry (broken time-reversal invariance); gen-
eralization to the orthogonal case is straightforward and
will be given elsewhere [14]. The level statistics for the
same problem were independently studied in Ref. [15].
Properties of the Liouville operator. Our starting
point is the sigma-model derived recently [7] for ballistic
disordered systems. The effective action for this model
has the form
F [g(r,n)] =
πν
4
∫
drStr
[
iωΛ〈g(r)〉 −
1
2τ(r)
〈g(r)〉2
− 2vF 〈ΛU
−1
n∇U〉
]
. (1)
Here g(r,n) is a 8 × 8 supermatrix, which depends on
the coordinate r and direction of the momentum n.
The angular braces denote averaging over n: 〈O(n)〉 =∫
dnO(n) with the normalization
∫
dn = 1. The ma-
trix g is constrained by the condition g(r,n)2 = 1,
and can be represented as g = UΛU−1, with Λ =
diag(1, 1, 1, 1,−1,−1,−1,−1); see [1,9] for more detailed
definitions. Since we are interested in the clean limit with
no disorder in the bulk, the second term in the action (1)
containing the elastic mean free time τ is zero everywhere
except at the boundary where it modifies the boundary
condition (see below).
Most of the statistical properties of energy levels
[16,2,3] and eigenfunctions [4,6] are determined by the
structure of the action in the vicinity of the homoge-
neous configuration of the g-field, g(r,n) = Λ. Writing
U = 1 −W/2 + . . ., one finds the action in the leading
order in W to be
F0[W ] = −
πν
4
∫
drdnStr
[
W21
(
Kˆ − iω
)
W12
]
, (2)
1
where the indices 1, 2 refer to the “advanced-retarded”
decomposition of W , and the Liouville operator Kˆ ≡
vFn∇. This “linearized” action has the same form as
that of a diffusive system, with the diffusion operator be-
ing replaced by the Liouville operator. This enables us
to use the results derived for the diffusive case by substi-
tuting the eigenvalues and eigenfunctions of the operator
Kˆ for those of the diffusion operator.
The operator Kˆ should be supplemented by a bound-
ary condition, which depends on the form of the surface
roughness. As a model approximation we consider purely
diffusive scattering [17] for which the distribution func-
tion ϕ(r,n) of the outgoing particles is constant and is
fixed by flux conservation:
ϕ(r,n) = π
∫
(Nn′)>0
(Nn′)ϕ(r,n′)dn′, (Nn) < 0.
Here the point r lies at the surface, and N is an outward
normal to the surface. This boundary condition should
be satisfied by the eigenfunctions of Kˆ.
The eigenvalues λ of the operator Kˆ corresponding to
angular momentum l obey the equation
J˜l(ξ) ≡ −1 +
1
2
∫ pi
0
dθ sin θ exp [2ilθ + 2ξ sin θ] = 0, (3)
where ξ ≡ Rλ/vF , and R is the radius of the circle. For
each value of l = 0,±1,±2, . . . Eq.(3) has a set of so-
lutions ξlk with ξlk = ξ−l,k and ξlk = ξ
∗
l,−k. These ξlk
can be naturally labeled with k = 0,±1,±2, . . . (even l)
or k = ±1/2,±3/2, . . . (odd l). For l = k = 0 we have
ξ00 = 0, corresponding to the zero mode ϕ(r,n) = const.
All other eigenvalues have positive real part Re ξlk > 0
and govern the relaxation of the corresponding classi-
cal system to the homogeneous distribution in the phase
space.
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FIG. 1. First 11 × 11 (0 ≤ k, l < 11) eigenvalues of the
Liouville operator Kˆ in units of the inverse time of flight,
vF /R.
The asymptotic form of the solutions of Eq.(3) for large
|k| and/or |l| can be obtained by using the saddle-point
method,
ξkl ≈
{
0.66l+ 0.14 ln l + 0.55πik, 0 ≤ k ≪ l
(ln k)/4 + πi(k + 1/8), 0 ≤ l ≪ k
. (4)
Note that for k = 0 all eigenvalues are real, while for
high values of k they lie close to the imaginary axis and
do not depend on l (see Fig. 1).
Level statistics, low frequencies. We define the
level correlation function in a standard way,
R2(ω) = (∆V )
2〈ν(ǫ + ω)ν(ǫ)〉 − 1,
where ν(ǫ) is the density of states, ∆ = (V ν)−1 is the
mean level spacing and V = πR2 is the area. In the
range of relatively low frequencies (which for our prob-
lem means ω ≪ vF /R, see below) the function R2(ω)
quite generally has the form [2]
R2(s) = δ(s)− (πs)
−2 sin2 πs
+ A (R∆/πvF )
2
sin2 πs, (5)
where s = ω/∆. The first two terms correspond to the
zero-mode approximation and are given by RMT, while
the last one represents the non-universal correction to the
RMT results. It contains information about the opera-
tor Kˆ through the dimensionless constant A =
∑′
ξ−2kl ,
where the prime indicates that the eigenvalue ξ00 = 0 is
excluded. The value of A, as well as the high-frequency
behavior of the level correlator (see below), can be found
from the Altshuler-Shklovskii type spectral function [16]:
S(ω) =
∑
l
Sl(ω); Sl(ω) ≡
∑
k
(λkl − iω)
−2
. (6)
According to the Cauchy theorem, Sl can be represented
as an integral in the complex plane,
Sl(ω) =
(
R
vF
)2
1
2πi
∮
C
1
(z − iωR/vF )2
J˜ ′l (z)
J˜l(z)
dz,
where the contour C encloses all zeroes of the function
J˜l(z). Evaluating the residue at z = iωR/vF , we find
Sl(ω) = −(R/vF )
2 d
2
dz2
∣∣∣∣
z=iωR/vF
ln J˜l(z). (7)
Considering the limit ω → 0 and subtracting the contri-
bution of λ00 = 0, we get
A = −19/27− 175π2/1152 + 64/(9π2) ≈ −1.48. (8)
In contrast to the diffusive case, this constant is negative:
the level repulsion is enhanced with respect to result for
RMT. Eq.(5) is valid as long as the correction is small
compared to the RMT result, i.e. provided ω is below
the inverse time of flight, vF /R, which plays the role of
the Thouless energy for our problem.
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Level statistics, high frequencies. In the range
ω ≫ ∆ the level correlation function can be decomposed
into the smooth Altshuler-Shklovskii part RAS2 (ω) =
(∆2/2π2)ReS(ω) [16] and the part Rosc2 which oscillates
on the scale of the level spacing. Evaluating the asymp-
totic behavior of Sl(ω) from Eq.(7), we find in the high-
frequency regime when ω ≫ vF /R:
RAS2 (ω) =
(
∆R
vF
)2 ( vF
2πωR
)1/2
cos
(
4
ωR
vF
−
π
4
)
. (9)
The oscillating part of the level correlation function
Rosc2 (s) for frequencies ω ≫ ∆ is given by [8]
Rosc2 (s) = (1/2π
2) cos(2πs)D(s), (10)
where D(s) is the spectral determinant,
D(s) = s−2
∏
kl 6=(00)
(1− is∆/λkl)
−1(1 + is∆/λkl)
−1.
Since ∆−2∂2 lnD(s)/∂s2 = −2ReS(ω), we can restore
D(s) from Eqs.(6), (7), up to a factor of the form exp(c1+
c2s), with c1 and c2 being arbitrary constants. These
constants are fixed by the requirement that Eq.(10) in
the range ∆ ≪ ω ≪ vF /R should reproduce the low-
frequency behavior (5). As a result, we obtain
D(s) =
(π
2
)6 1
N
∏
l
1
J˜l(isN−1/2)J˜l(−isN−1/2)
. (11)
For high frequencies ω ≫ vF /R this yields the following
expression for the oscillating part of the level correlation
function:
Rosc2 (ω) =
π4
128
(
∆R
vF
)2
cos
(
2πω
∆
)
. (12)
It is remarkable that the amplitude of the oscillating
part does not depend on frequency. This is in contrast
to the diffusive case, where in the Altshuler-Shklovskii
regime (ω above the Thouless energy) the oscillating part
Rosc2 (ω) is exponentially small [3].
The level number variance. The smooth part of
the level correlation function can be best illustrated by
plotting the variance of the number of levels in an energy
interval of width E = s∆,
Σ2(s) =
∫ s
−s
(s− |s˜|)R2(s˜)ds˜, (13)
A direct calculation gives the following asymptotic be-
havior:
π2Σ2(s) = 1 + γ + ln(2πs) +As
2/(2N) (14)
when s≪ N1/2 and
π2Σ2(s) = 1 + γ + ln
16N1/2
π2
−
π2
16
(
2N1/2
πs
)1/2
cos
(
4s
N1/2
−
π
4
)
(15)
when s≫ N1/2. Here N = (vF /R∆)
2 = (pFR/2)
2 is the
number of electrons below the Fermi level, γ ≈ 0.577 is
Euler’s constant, and A is defined by Eq.(8). The first
three terms at the rhs of Eq.(14) represent the RMT con-
tribution (curve 1 in Fig. 2). The two asymptotics (14)
and (15) are shown in Fig. 1 as curves 2 and 3 respec-
tively.
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FIG. 2. Level number variance Σ2(E) as a function of en-
ergy; s = E/∆. Curve 1 shows the RMT result, while curves
2 and 3 correspond to asymptotic regimes of low (14) and
high (15) frequencies. The saturation value Σ
(0)
2 is given in
the text.
As seen from Fig.2, the two curves (14) and (15) per-
fectly match in the intermediate regime, s ∼ N1/2, and
taken together they provide a complete description of
Σ2(s). According to Eq.(15), the level number variance
saturates at the value Σ
(0)
2 = π
−2(1+γ+ln(16N1/2/π2)),
in contrast to the behavior found for diffusive systems [16]
or ballistic systems with weak bulk disorder [11]. The sat-
uration occurs at energies s ∼ N1/2, or in conventional
units E ∼ vF /R. This behavior of Σ2(s) is expected for
a generic chaotic billiard [12]. It is also in good agree-
ment with the results for Σ2(s) found numerically for a
tight-binding model with moderately strong disorder on
boundary sites [13].
Eigenfunction statistics. Now we study correlations
of the amplitudes of an eigenfunction in two different
points. Correlation of different eigenfunctions will be
considered elsewhere [14]. Following Ref. [6], we define
α(r1, r2, E) = ∆V
2〈
∑
µ
|ψµ(r1)ψµ(r2)|
2δ(E − ǫµ)〉,
where ψµ are the eigenfunctions corresponding to the ex-
act single-particle states µ. A calculation analogous to
that of Ref. [6] yields
α(r1, r2, E) = 1 + Π(r1, r2), (16)
3
where Π is the Green’s function of the operator Kˆ
integrated over directions of momentum, Π(r1, r2) =∫
dn1dn2 g(r1,n1; r2,n2). Here g is the full Green’s
function of the operator Kˆ, i.e. a solution to the equa-
tion
Kˆg(r1,n1; r2,n2) =
(πν)
−1 [
δ(r1 − r2)δ(n1 − n2)− V
−1
]
. (17)
Direct calculation gives:
Π(r1, r2) = Π1(r1, r2) + Π2(r1, r2),
Π1(r1, r2) = k˜d(r1 − r2)− V
−1
∫
dr′
1
k˜d(r
′
1
− r2) (18)
−V −1
∫
dr′
2
k˜d(r1 − r
′
2
) + V −2
∫
dr′
1
dr′
2
k˜d(r
′
1
− r′
2
);
Π2(r1, r2) =
1
4πpFR
∞∑
k=1
4k2 − 1
4k2
(r1r2
R2
)k
cos k (θ1 − θ2)
where k˜d(r) = 1/(πpF |r|), and (r, θ) are the polar co-
ordinates. This formula has a clear interpretation. The
function Π can be represented as a sum over all possi-
ble paths leading from r1 to r2, with possible surface
scattering in between. In particular, the function Π1
corresponds to trajectories coming directly from r1 to
r2 with no reflection from the surface. Therefore, the
term Π1 is universal and is not sensitive to the geometry
of the system. It can be obtained from the RMT-like
prediction that amplitudes of different wavefunctions are
independent Gaussian variables [18]. More precisely, we
find that the function kd(r1 − r2) = J
2
0 (pF |r1 − r2|) of
Refs. [6,18] is replaced in Eq.(18) by its smoothed ver-
sion, k˜d(r1 − r2) = 1/(πpF |r1 − r2|). This is because
our semiclassical approach is valid on scales much larger
than the wave length. To cure this flaw, one has to re-
place k˜d(r) by kd(r) in the expression Eq.(18) for Π1.
The second term, Π2, is due to the surface scattering.
It can be shown [14] that in the numerator 4k2 − 1 the
first term comes from trajectories with only one surface
reflection, while the second sums up contributions from
multiple reflections. A formula analogous to (16) was
proposed very recently for a generic chaotic system [19].
Finally, we calculate the inverse participation ratio,
〈P2〉 ≡ V
−2
∫
drα(r, r), which characterizes the degree
of spatial uniformity of eigenfunctions. The RMT pre-
diction for this quantity, P
(0)
2 = 2/V is recovered from
Eqs.(16), (18) if we take into account the first term in
the expression for Π1, since kd(0) = 1. The leading cor-
rection comes from the single-reflection contribution to
the term Π2, and is equal to
δP2 = V
−1(4πpFR)
−1 ln(pFR) ∼ P
(0)
2 N
−1/2 lnN.
In conclusion, we have used the ballistic σ-model ap-
proach to study statistical properties of levels and eigen-
functions in a billiard with diffusive surface scattering,
which exemplifies a ballistic system in the regime of
strong chaos. We have found that the level repulsion and
the spectral rigidity are enhanced compared to RMT.
In particular, the level number variance saturates at the
scale of the inverse time of flight, in agreement with
Berry’s prediction for a generic chaotic system [12]. As
another manifestation of the strong spectral rigidity, the
oscillating part of the level correlation function does not
vanish at large level separation. We have also consid-
ered correlations of eigenfunction amplitudes in different
spatial points and calculated the deviation of the inverse
participation ratio from the RMT value.
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